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PARALLELISABLE HETEROTIC BACKGROUNDS
JOSE´ FIGUEROA-O’FARRILL, TERUHIKO KAWANO, AND SATOSHI YAMAGUCHI
Abstract. We classify the simply-connected supersymmetric parallelisable
backgrounds of heterotic supergravity. They are all given by parallelised Lie
groups admitting a bi-invariant lorentzian metric. We find examples preserving
4, 8, 10, 12, 14 and 16 of the 16 supersymmetries.
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1. Introduction
In this note we present a classification of simply-connected supersymmetric par-
allelisable backgrounds of heterotic string theory; equivalently, supersymmetric par-
allelisable backgrounds up to local isometry. We work in the supergravity limit and
construct all parallelisable backgrounds of ten-dimensional type I supergravity cou-
pled to supersymmetric Yang–Mills. Parallelisable backgrounds have been studied
recently in the context of type II string theory [1, 2, 3]. The interest in parallelisable
backgrounds stems from the fact that string theory on such backgrounds should be
exactly solvable. This is clear for type II string theory and also for the heterotic
backgrounds without gauge fields, since as we will show the dilaton is linear and
hence can be described by a Liouville theory [4], whereas the geometry is that of a
parallelised Lie group and hence can be described by a WZW model [5]. For the
backgrounds with gauge fields and hence a nonlinear dilaton, the nonlinearity is
only a function of the null coordinate x− and, as in the homogeneous plane waves
of [6, 7] this also should be exactly solvable.
This paper is organised as follows. In Section 2 we briefly set out the problem by
defining the theory under consideration: the supergravity limit of heterotic string
theory. Under the assumption of parallelisability we write down the equations of
EMPG-03-14, UT-03-26, hep-th/0308141.
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motion for bosonic backgrounds and the conditions for preservation of some super-
symmetry. In Section 3 we briefly review the parallelised geometries which will be
the focus of this paper. In Section 4 we derive some useful consequences of preser-
vation of supersymmetry which underlie the bulk of the analysis. In particular we
show that any supersymmetric background with trivial gauge fields must have a
constant or linear dilaton. This suggests breaking the problem into two, depending
on whether or not we turn on the gauge fields. In Section 5 we classify the super-
symmetric backgrounds with a linear (or constant) dilaton. This follows closely the
analysis in [2, 3] for type II backgrounds. In Section 6 we classify the supersym-
metric backgrounds with nonlinear dilaton, hence with nontrivial gauge fields. Our
results are displayed in a number of tables, particularly Table 4 which summarises
the results. We conclude in Section 7 with some comments on the moduli space
of parallelisable backgrounds. Finally, Appendix A, includes our conventions for
Clifford algebras and the Clifford action of differential forms on spinors.
2. Heterotic supergravity
The field theory limit of the heterotic string [8] is given by ten-dimensional N=1
supergravity [9] coupled to N=1 supersymmetric Yang–Mills [10]. This theory was
constructed in [11] generalising the construction in [12] for the abelian theory. The
bosonic field content consists of a ten-dimensional lorentzian metric g, a real scalar
φ (the dilaton), a 3-form H and a gauge field A whose field-strength F can be
thought of as the curvature two-form of a connection on a gauge bundle P with
gauge group E8 × E8 or Spin(32)/Z2.
In the string frame, the bosonic action on a spacetime M is given by
I =
∫
M
dvolg e
−2φ (R + 4|dφ|2 − 1
2
|H |2 − N
2
|F |2
)
, (1)
where the norms | − |2 are the natural (indefinite) norms induced from the metric:
|dφ|2 = gµν∂µφ∂νφ |H |
2 = 1
6
HµνρH
µνρ |F |2 = 1
2
TrFµνF
µν ,
and where Tr is an invariant metric on the Lie algebra g of the gauge group.
The 3-form H is not necessarily closed, and instead one has
dH = N
2
TrF ∧ F − 2α′ tr Ω ∧ Ω ,
where Ω is the curvature of the (unique) metric connection with torsion 3-form H .
We will be specialising to parallelisable backgrounds; that is, those with Ω = 0. For
these backgrounds, this equation simplifies to
dH = N
2
TrF ∧ F . (2)
For parallelisable backgrounds, the bosonic equations of motion also simplify, and
one is left with
Hµνρ∇
ρφ = 0 (3)
∇µ∇νφ =
N
4
TrFµρFν
ρ (4)
4|dφ|2 = |H |2 + 3N
2
|F |2 (5)
∇ν
(
e−2φF νµ
)
+
[
Aν , e
−2φF νµ
]
= 1
2
Hµνρe−2φFνρ (6)
This last equation is the Yang–Mills equation in this geometry and simply says that
the gauge covariant divergence of e−2φF vanishes.
The fermionic fields in the theory consist of a gravitino ψ, a dilatino λ and a
gaugino χ. Let S± denote spinor bundles on M associated to the real sixteen-
dimensional chiral spinor representations of Spin(1, 9). Then ψ is a section of
T ∗M ⊗ S+, χ is a g-valued section of S+ (strictly speaking a section of adP ⊗ S+,
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where adP is the adjoint bundle of P ) and λ is a section of S−. In a bosonic
background, the supersymmetric variations of these fields are given by
δψ = ∇ˆε
δλ = (dφ+ 1
2
H)ε
δχ = 1
2
√
2
Fε ,
(7)
where ε is a section of S+, ∇ˆ is the spin connection associated to the metric con-
nection with torsion 3-form H , and as usual, differential forms act on spinors via
the Clifford action as described in Appendix A which also contains our conventions
concerning Clifford algebras and their representations.
For the parallelisable backgrounds which are the focus of this paper, ∇ˆ is flat;
hence there are no local obstructions to finding parallel sections. Since we will
be interested only in local metrics—equivalently, in simply-connected spacetimes—
there will not be any global obstructions either, whence we will not dwell on the first
of the above three equations except to remark the following fact. Since a Killing
spinor is parallel with respect to a flat connection ∇ˆ, it is uniquely determined by
its value at any given point. In particular, a Killing spinor is nowhere-vanishing.
We will use this fact implicitly in deriving relations arising from the existence of
Killing spinors.
In this paper we shall be concerned with simply-connected parallelisable super-
symmetric heterotic backgrounds (M, g, φ,H, F ), where (M, g,H) is parallelisable
and where (g, φ,H, F ) satisfy the equations (2), (3), (4), (5) and (6), and such that
there exists at least one nonzero spinor ε for which the variations (7) vanish.
3. Parallelisable geometries
In this section we will briefly review the basic facts concerning parallelisable
geometries. For a recent treatment see [2]. We will say that a pseudo-riemannian
manifold (M, g) is parallelisable if it admits a flat metric connection with torsion.
It is possible to list all the simply-connected parallelisable lorentzian manifolds
in any dimension. This uses the following three basic theorems. The first theo-
rem, due to E´lie Cartan and Schouten [13, 14] and to Wolf [15, 16], says that the
irreducible simply-connected parallelisable riemannian manifolds are the following:
the real line with the standard metric and vanishing torsion, a simply-connected
compact simple Lie group with a bi-invariant metric and the parallelising torsion
of Cartan–Schouten, or S7 with the canonical round metric and the torsion coming
from octonionic multiplication. The second theorem due to Wolf [15, 16] and Cahen
and Parker [17] states that the indecomposable parallelisable lorentzian manifolds
are precisely the Lie groups with bi-invariant lorentzian metric and parallelising
torsion. The third result is the classification of simply-connected Lie groups ad-
mitting bi-invariant lorentzian metrics, which follows from the structure theorem
of Medina and Revoy [18] (see also [19]) on indecomposable Lie algebras admit-
ting invariant lorentzian metrics. The simply connected lorentzian Lie groups are
given by (R,−dt2), the universal cover of SL(2,R) (i.e., AdS3) and a subclass of the
Cahen–Wallach [20] spaces CW2n(λ). For completeness we recall their definition.
Let M = R2 × R2n−2 with coordinates (x+, x−,x) and let 〈−,−〉 denote the
euclidean inner product on R2n−2. Let J : R2n−2 → R2n−2 be an invertible skew-
symmetric linear map and let ω be the corresponding 2-form. Let λ1 ≥ λ2 ≥
· · · ≥ λn−1 > 0 denote the skew-eigenvalues of J . The Lie group CW2n(λ) is
diffeomorphic to M with metric
g = 2dx+dx− − 〈Jx, Jx〉 (dx−)2 + 〈dx, dx〉 , (8)
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and parallelising torsion given by
H = dx− ∧ ω . (9)
In summary, we can now list the ingredients out of which we can build all ten-
dimensional parallelisable lorentzian geometries. For each one we also list properties
concerning the dilaton φ and the torsion 3-form H . These results are summarised
in Table 1, whose last column follows from equation (3).
Space Torsion Dilaton
AdS3 dH = 0 |H |
2 < 0 constant
R
1,n, n ≥ 0 H = 0 unconstrained
R
n, n ≥ 1 H = 0 unconstrained
S3 dH = 0 |H |2 > 0 constant
S7 dH 6= 0 |H |2 > 0 constant
SU(3) dH = 0 |H |2 > 0 constant
CW2n(λ) dH = 0 |H |
2 = 0 φ(x−)
Table 1. Elementary simply-connected parallalisable geometries
Indeed, in the case of a Lie group, that is, when dH = 0, equation (3) says that
dφ must be central, when thought of as an element in the Lie algebra. Since AdS3,
S3 and SU(3) are simple, their Lie algebras have no centre, whence dφ = 0. In
the case of an abelian group there are no conditions, and in the case of CW2n(λ),
the Lie algebra has a one-dimensional centre corresponding to ∂+, whose dual one-
form is dx−. This means that dφ must be proportional to dx−, whence φ can
only depend on x−. Finally for S7, equation (3) says that ⋆H ∧ dφ = 0, which
implies that dφ = 0. To see this, notice that the parallelised S7 possesses a nearly
parallel G2 structure and the differential forms decompose into irreducible types
under G2. For example, the one-forms corresponding to the irreducible seven-
dimensional irreducible representation m of G2 coming from the embedding G2 ⊂
SO(7), whereas the two-forms decompose into g2 ⊕ m, where g2 is the adjoint
representation which is irreducible since G2 is simple. Now, H and ⋆H both are
G2-invariant and hence the map Ω
1(S7) → Ω2(S7) defined by θ 7→ ⋆(⋆H ∧ θ) is
G2-equivariant. Since it is not identically zero, it must be an isomorphism onto its
image. Hence if ⋆H ∧ dφ = 0, then also in this case dφ = 0.
It is now a simple matter to put these ingredients together to make up all possible
ten-dimensional combinations with lorentzian signature. Doing so, we arrive at
Table 2 (see also [2], where the entry corresponding to R1,0×S3×S3×S3 had been
omitted inadvertently and where the entries with S7 had also been omitted due to
the fact that in type II string theory dH = 0).
4. Some consequences of supersymmetry
In this section we will derive some consequences of the existence of nonzero
Killing spinors.
The gaugino variation says that
Fε = 0 .
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Spacetime Spacetime
AdS3×S
7 AdS3×S
3 × S3 × R
AdS3×S
3 × R4 AdS3×R
7
R
1,0 × S3 × S3 × S3 R1,1 × SU(3)
R
1,2 × S7 R1,3 × S3 × S3
R
1,6 × S3 R1,9
CW10(λ) CW8(λ)× R
2
CW6(λ)× S
3 × R CW6(λ)× R
4
CW4(λ)× S
3 × S3 CW4(λ)× S
3 × R3
CW4(λ)× R
6
Table 2. Ten-dimensional simply-connected parallelisable spacetimes
Clifford multiplying this equation by F and tracing over g, we find
Tr(F ∧ F )ε = |F |2ε . (10)
At the same time, F is a g-valued 2-form. At a fixed but arbitrary point in M ,
F defines an element in so(1, 9) ⊗ g. Moreover, because F annihilates a nonzero
spinor, it actually defines an element in h ⊗ g, where h ⊂ so(1, 9) is the isotropy
algebra of the spinor. Now the orbit structure of the chiral spinor representation
under Spin(1, 9) is very simple: all nonzero spinors belong to the same orbit [21].
The isotropy of a nonzero spinor is therefore conjugate in Spin(1, 9) to a fixed
Spin(7) ⋉ R8 subgroup, which is described in detail, for example, in [22]. In other
words, there exists a coframe θ = (θ−, θ+, θi) relative to which the metric is written
as
g = 2θ+θ− +
∑
i
(θi)2 ,
and F is written as
F =
◦
F−iθ− ∧ θi + 12
◦
F ijθ
i ∧ θj ,
where the
◦
F ij belong to a spin(7) subalgebra of so(8).
The norm |F |2 is independent on the coframe, so we compute it relative to θ
and obtain
|F |2 = Tr
∑
i<j
(
◦
F ij)
2 ≥ 0 , (11)
which is positive semidefinite. Similarly, rewriting equation (4) in this coframe, we
find
◦
∇a
◦
∇bφ =
N
4
Tr
∑
i
◦
F ai
◦
F bi ,
which is also positive-definite; whence in this coframe, and hence in all, the Hessian
of φ vanishes if and only if F = 0. In other words, supersymmetric backgrounds
with F = 0 are precisely those with a linear dilaton.
Finally let us remark that if dH = 0, whence Tr(F ∧ F ) = 0, equation (10)
implies that |F |2 = 0, which by (11) implies that
◦
F ij = 0. In other words, relative
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to the coframe θ the only nonzero components of F are
◦
F−i, so that
Fµν =
(
θµ
−θνi − θµiθν−
) ◦
F−i . (12)
5. Linear dilaton backgrounds
In this section we consider (supersymmetric) backgrounds with F = 0. As we
saw above, these are precisely the backgrounds where the Hessian of the dilaton
vanishes; whence the dilaton is (at most) linear.
First of all we notice that S7 cannot appear because equation (2) implies that
dH = 0. Therefore the allowed backgrounds follow mutatis mutandis from the
analysis of [2, 3]. We only have to remember when counting supersymmetries that
we are dealing with N=1 supergravity. In practice this simply means halving the
supersymmetries present in type IIB supergravity. We start by listing the possible
backgrounds and then counting the amount of supersymmetry that each preserves.
The results are summarised in Table 3 and Table 4.
5.1. Possible backgrounds.
5.1.1. AdS3×S
3×S3×R. Here dφ can only have nonzero components along the flat
direction, which is spacelike, whence |dφ|2 ≥ 0. Equation (5) says that |H |2 ≥ 0,
so that if we call R0, R1 and R2 the radii of curvature of AdS3 and of the two
3-spheres, respectively, then
1
R21
+
1
R22
≥
1
R20
.
This bound is saturated if and only if the dilaton is constant.
5.1.2. AdS3×S
3 × R4. This is the limit R2 →∞ of the above case.
5.1.3. AdS3×R
7. This would be the limit R1 →∞ of the above case, but then the
inequality R−20 ≤ 0 cannot be satisfied. Hence this geometry is not a background
(with or without supersymmetry).
5.1.4. R1,9. In this case H = 0, so |dφ|2 = 0. So we can take a linear dilaton along
a null direction: φ = a+ bx−, for some constants a, b say.
5.1.5. R1,0 × S3 × S3 × S3. The dilaton can only depend on the flat coordinate,
which is timelike, so |dφ|2 ≤ 0. However |H |2 > 0, whence this geometry is never a
background (with or without supersymmetry).
5.1.6. R1,1×SU(3). Here |H |2 > 0, and dφ can have components along R1,1. Letting
(x0, x1) be flat coordinates for R1,1, we can take φ = a+ 1
2
|H |x1, for some constant
a, without loss of generality.
5.1.7. R1,3 × S3 × S3. Here |H |2 > 0 and dφ can have components along R1,3 [23].
With (x0, x1, x2, x3) being flat coordinates for R1,3, we take φ = a + 1
2
|H |x1, for
some constant a.
5.1.8. R1,6×S3. This is the limit R2 →∞ of the above case, where R2 is the radius
of curvature of one of the spheres [24, 4].
5.1.9. CW2n(λ)×R
10−2n, n = 2, 3, 4, 5. In these cases |H |2 = 0 and hence |dφ|2 =
0, so that it cannot have components along the flat directions (if any). This means
φ = a+ bx−, for constants a, b.
5.1.10. CW4(λ) × S
3 × S3. Here |dφ|2 = 0, whereas |H |2 > 0, hence there are no
backgrounds with this geometry.
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5.1.11. CW2n(λ) × S
3 × R7−2n, n = 2, 3. Here |H |2 > 0, whence |dφ|2 > 0. This
means that we can take φ = a + bx− + 1
2
|H |y, where y is any flat coordinate in
R
7−2n and a, b are constants.
Geometry Dilaton
AdS3×S
3 × S3 × R φ = a+ 1
2
|H |y
AdS3×S
3 × R4 φ = a+ 1
2
|H |y
R
1,1 × SU(3) φ = a+ 1
2
|H |y
R
1,3 × S3 × S3 φ = a+ 1
2
|H |y
R
1,6 × S3 φ = a+ 1
2
|H |y
R
1,9 φ = a+ bx−
CW10(λ) φ = a+ bx
−
CW8(λ)× R
2 φ = a+ bx−
CW6(λ)× S
3 × R φ = a+ bx− + 1
2
|H |y
CW6(λ)× R
4 φ = a+ bx−
CW4(λ)× S
3 × R3 φ = a+ bx− + 1
2
|H |y
CW4(λ)× R
6 φ = a+ bx−
Table 3. Parallelisable backgrounds with a linear dilaton. The
notation is such that y is a spacelike flat coordinate.
5.2. Supersymmetry. We must distinguish between three cases: dφ = 0, dφ 6= 0
but |dφ|2 = 0 and |dφ|2 > 0. The results are summarised in Table 4.
5.2.1. dφ = 0. This can be read off from [2] and we will not repeat the analysis
here. We simply read off the results for type IIB and halve the number of super-
symmetries.
5.2.2. dφ 6= 0 and |dφ|2 = 0. This follows from [3]. Notice that this only occurs
with CW2n(λ) × R
10−2n for n = 2, 3, 4, 5 and for R1,9. In the former cases, the
dilatino variation implies an equation of the form
(b + 1
2
ω) · dx−ε = 0 ,
where the · means Clifford multiplication as defined in Appendix A. Clearly half
the supersymmetries will be killed by dx−, whereas the operator b+ 1
2
ω is invertible
since b is real and ω is invertible and has no real eigenvalues. In the latter case, the
dilaton variation is simply
dx−ε = 0 ,
whence the background is also half-BPS.
5.2.3. |dφ|2 > 0. This also follows from [3]. Multiply the dilatino variation by dφ
and using that dφ ·H = −H · dφ, which follows from equation (3), to obtain
(−|dφ|21+ 1
2
dφ ·H)ε = 0
which is equivalent to (
1
2
1+ 1
4
H · dφ
|dφ|2
)
ε = 0 .
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Define endomorphisms
Π± = 121±
1
4
H · dφ
|dφ|2
.
One sees immediately that Π+ +Π− = 1 and from equation (5) that Π+ ·Π− = 0,
whence they are idempotent: Π2± = Π±. In other words, they are complemen-
tary projectors and their kernels are therefore half-dimensional. Therefore these
backgrounds are also half-BPS.
6. Turning on the gauge fields
We now relax the condition that F = 0 and consider backgrounds with non-linear
dilatons. We will go through each geometry in turn and determine which ones can
carry a nontrivial gauge field. For those backgrounds we will then determine the
amount of supersymmetry that is preserved. The results are summarised in Table 4.
6.1. Possible backgrounds.
6.1.1. AdS3×S
7. In this case the dilaton is forced to be constant, whence F = 0,
which contradicts dH 6= 0.
6.1.2. AdS3×X, X 6= S
7. Chose coordinates xµ = (x0, xm) where x0 is timelike
and xm are spacelike. The timelike component of the gradient of the dilaton must
vanish: ∇0φ = 0. Equation (4) then says that
TrF0mF0
m = 0 =⇒ F0m = 0 .
Since dH = 0, |F |2 = 0, which implies that Fmn = 0. Therefore F = 0 and the
dilaton has to be linear.
6.1.3. R1,0×S3×S3×S3. Here |dφ|2 ≤ 0, whereas |H |2 > 0 and |F |2 ≥ 0. Therefore
equation (5) cannot be satisfied with or without supersymmetry.
6.1.4. R1,1 × SU(3). Let us choose coordinates (x+, x−) for R1,1 and xα for SU(3).
It follows from (3) that ∇αφ = 0. Because dH = 0, equation (12) applies:
Fµν =
(
θµ
−θνi − θµiθν−
) ◦
F−i ,
whence by (4),
∇µ∇νφ =
N
4
θµ
−θν− Tr
∑
i
(
◦
F−i)2 .
Since ∇αφ = 0, it follows that ∇α∇αφ = 0, whence
(θα
−)2Tr
∑
i
(
◦
F−i)2 = 0 .
Since F 6= 0, we must have θα
− = 0, whence Fαβ = 0; and since |F |2 = 0, this
yields the identity
TrF 2+− = 2TrF+αF−
α . (13)
Now since θ is an orthonormal coframe, θµ
−θν−gµν = 0. Since θα− = 0, this
implies that θ+
−θ−− = 0, whence either θ+− = 0 and hence F+α = 0 or else
θ−− = 0 and hence F−α = 0. In either case, equation (13) implies that F+− = 0.
Without loss of generality, let us assume that θ+
− = 0, so that the only surviving
components of F are F−α. This implies that the only surviving component of the
Hessian of φ is
∇−∇−φ = N4 TrF−αF−
α .
Finally we use that equation (5) and the fact that |H |2 is constant imply that
so is ∇+φ∇−φ. Differentiating with respect to ∇−, we obtain
∇+φ∇−∇−φ = 0 ,
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whence either ∇+φ = 0, in which case |dφ|
2 = 0 contradicting that |H |2 > 0 and
hence our assumption that F 6= 0, or else the Hessian of φ vanishes, whence F = 0.
In either case, we conclude that this geometry does not admit nontrivial gauge
fields.
6.1.5. CW4(λ) × S
3 × S3. Here |dφ|2 = 0, whereas |H |2 > 0 and |F |2 ≥ 0, so
that equation (5) cannot be satisfied. This argument is independent on supersym-
metry, whence this is not a parallelisable heterotic background with or without
supersymmetry.
6.1.6. CW2n(λ)×S
3×R7−2n, n = 2, 3. These cases can be analysed simultaneously.
We choose standard coordinates (x+, x−, xm) for CW2n(λ), xα for S3 and flat
coordinates xI for R7−2n.
The only components of ∇φ which are allowed to be nonzero are ∇−φ and ∇Iφ,
where ∇Iφ cannot all vanish because |dφ|
2 > 0 since |H |2 > 0.
Since dH = 0, equation (12) holds and substituting it into equation (4) we obtain
∇µ∇νφ =
N
4
θµ
−θν− Tr
∑
i
(
◦
F−i)2 .
Since we are interested in F 6= 0, Tr
∑
i(
◦
F−i)2 > 0. This implies, together with
∇+φ = ∇mφ = ∇αφ = 0, that θ+
− = θα− = θm− = 0. Since θ is orthonormal,
θµ
−θν−gµν = 0, whence θI− = 0, whence the only nonzero entry is θ−−, which
into (12) says that the only nonzero components of F are F−µ. Moreover, since
|F |2 = 0, it follows in addition that F−+ = 0.
This allows us to choose the gauge A = A−dx−, where A− does not depend on
x+. It also means that the only nonzero component of the Hessian of φ is
∇−∇−φ = N4 g
ij TrF−iF−j ,
where the indices i, j label collectively all the transverse coordinates (xm, xα, xI).
In particular, we see that ∇−∇Iφ = ∇I∇Jφ = 0. From this we see that
φ = ϕ(x−) +QIxI ,
where QI are constants obeying∑
I
(QI)
2 = 1
4
|H |2
so that equation (5) is satisfied; and ϕ(x−) satisfies the second order ODE:
ϕ′′ = N
4
gij Tr ∂iA−∂jA− , (14)
which has a unique solution for specified initial conditions at least locally.
It remains to satisfy equation (6), which in this case simplifies to
gνρ∇ν
(
e−2φFρµ
)
= 0 =⇒ gij∇i∂jA− = 2
∑
I
QI∂IA− . (15)
We now apply the transverse laplacian ∆⊥ = gij∇i∇j to (14) to obtain
|∇∂A−|2 +Rij Tr(∂iA−∂jA−) + gij Tr∇i∆⊥A−∇jA− = 0 , (16)
where ∇∂A− stands for the transverse Hessian ∇i∂jA− of A− and Rij is the Ricci
tensor. After using (15), this equation becomes
|∇∂A−|2 +Rij Tr(∂iA−∂jA−) = −
∑
I
QI∂Ig
ij Tr ∂iA−∂jA− .
Now the right-hand side of this equation is zero because gij Tr ∂iA−∂jA− is pro-
portional to ϕ′′ which only depends on x−, whence we are left with
|∇∂A−|2 +Rij Tr(∂iA−∂jA−) = 0 .
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Now the Ricci tensor Rij is only nonzero on the sphere, on which it is positive-
definite, hence the above expression becomes
|∇∂A−|2 +Rαβ Tr(∂αA−∂αA−) = 0 ,
which is manifestly positive-definite and hence will vanish if and only if
∇i∂jA− = 0 and ∂αA− = 0 ,
with the consequence that
A− = a(x−) + fI(x−)xI .
Finally, in order to satisfy (15), we must demand
∑
I QIfI(x
−) = 0.
6.1.7. CW2n(λ)×R
10−2n, n = 2, 3, 4, 5. These cases can also be analysed simulta-
neously.
Here dH = 0, whence |F |2 = 0 and also |H |2 = 0, whence |dφ|2 = 0. This means
that φ can only depend on x−. Therefore ∇+φ = ∇iφ = 0. We now insert these
into equation (4) to obtain the following implications:
∇+∇+φ = 0 =⇒
∑
i
Tr(F+i)
2 = 0 =⇒ F+i = 0
∇i∇iφ = 0 =⇒
∑
j
Tr(Fij)
2 = 0 =⇒ Fij = 0
∇−∇+φ = 0 =⇒ Tr(F+−)2 = 0 =⇒ F+− = 0 .
As a result the only nonzero component of F is F−i and this means that we can
choose a gauge where the only nonzero component of A is A−. Moreover, because
F+− = 0, ∂+A− = 0. The Yang–Mills equation (6) becomes∑
i
∂2iA− = 0 , (17)
which says that A− is harmonic in the transverse coordinates. Applying the trans-
verse laplacian to the only nonzero component of the Hessian of φ
∇−∇−φ = N4 Tr
∑
i
(∂iA−)2
we obtain
Tr
∑
i,j
(
∂iA−∂2j ∂iA− + ∂i∂jA−∂i∂jA−
)
= 0 .
Using equation (17), we obtain
Tr
∑
i,j
(∂i∂jA−)
2
= 0 ,
whence ∂i∂jA− = 0. In other words,
A−(x−, xi) = a(x−) + fi(x−)xi ,
where a and fi are arbitrary smooth functions of x
−. Finally the dilaton φ(x−) is
obtained by solving the second order ODE
φ′′ = N
4
Tr
∑
i
(fi)
2 ,
which, since the right-hand side is differentiable, has a unique differentiable solution
for specified initial conditions at least locally.
PARALLELISABLE HETEROTIC BACKGROUNDS 11
6.1.8. R1,2×S7. Choose coordinates (x−, x+, y) for R1,2 and xα for S7. As discussed
in Section 4, there is a coframe θ relative to which the only nonzero components
of F are
◦
F−i and
◦
F ij , the latter in linear combinations belonging to a spin(7)
subalgebra of so(8). Moreover, since dH 6= 0 one has that |F |2 > 0 and hence the
◦
F ij cannot all vanish.
The Hessian of the dilaton is given by
∇µ∇νφ =
N
4
θµ
aθν
bTr
∑
i
◦
F ai
◦
F bi ,
where, as discussed in Section 4, the above trace defines a positive-definite quadratic
form. Since the dilaton obeys ∇αφ = 0, we see that ∇α∇αφ = 0, whence θα
a
◦
Fai =
0 for all α, i. This expands to
θα
− ◦F−i + θαj
◦
F ji = 0 . (18)
Expanding F relative to this frame, one finds
Fµν = (θµ
−θν i − θν−θµi)
◦
F−i + θµiθνj
◦
F ij ;
whence
Fαν = −θν
−θαi
◦
F−i
after using equation (18). In particular, since Fαα = 0, we see that either θα
− = 0
or θα
i
◦
F−i = 0. Similarly, we have that
Fαβ = θα
−θβi
◦
F−i = −θαiθβ−
◦
F−i ,
whence either if θα
− = 0 or θαi
◦
F−i = 0 we see that Fαβ = 0. In other words, this
means that TrF ∧ F cannot have a component in Ω4(S7) contradicting equation
(2) and the fact that here dH is a nonzero 4-form on S7.
6.1.9. R1,9. Here we can take the coframe θ to be a coordinate coframe: (dx−, dx+, dxi)
and hence F =
◦
F , which only has components F−i. This means that the Killing
spinor, being annihilated by F , obeys dx−ε = 0. The dilatino equation dφε = 0
implies that dφ is proportional to dx−, whence φ only depends on x−.
Since F−i are the only nonzero components, we can choose the gauge A =
A−(x−, xi)dx−, whence equation (4) becomes
φ′′ = N
4
Tr
∑
i
(∂iA−)2 . (19)
The Yang–Mills equation (6) is equivalent to∑
i
∂2iA− = 0 ,
which says that A− is harmonic in the transverse space. Applying the transverse
laplacian
∑
i ∂
2
i to equation (19) and using that A− is harmonic, we obtain
Tr
∑
i,j
(∂i∂jA−)2 = 0 ,
which says that the Hessian of A− vanishes; whence A− is at most linear in the
transverse variables:
A− = a(x−) + fi(x−)xi ,
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where a, fi are arbitrary smooth functions of x
−. Finally we obtain the dilaton by
solving the second order ODE
φ′′ = N
4
Tr
∑
i
(fi)
2 ,
which has (at least locally) a unique solution for prescribed initial data.
6.1.10. R1,3×S3×S3, R1,6×S3. These two cases can be analysed simultaneously.
The geometries are both of the form R1,n ×X , where X is a compact semisimple
Lie group. We will choose coordinates xσ = (x−, x+, xs) for the flat factor and xα
for the semisimple Lie group.
Since dH = 0 and hence |F |2 = 0, we know that there is a coframe θ relative to
which equation (12) holds and hence that the Hessian of the dilaton is given by
∇µ∇νφ =
N
4
θµ
−θν− Tr
∑
i
(
◦
F−i)2 .
We would like to consider backgrounds with F 6= 0, whence the above trace is
positive. Since ∇αφ = 0, we find that θα
− = 0. This means that the Killing spinor
under consideration is annihilated by Clifford multiplication with θ− = θσ−dxσ
which only has components in the flat factor.
As we will now argue, this means that we can choose a coordinate coframe
(dx−, dx+, dxs) for the flat factor relative to which the Killing spinor is annihilated
by dx−.
We first observe that Killing spinors in R1,n × X are parallel with respect to
a product connection (with torsion). Standard facts about holonomy representa-
tions can then be invoked to show that parallel spinors are linear combinations of
tensor products of parallel spinors in each of the factors (see, for example, [25]).
Strictly speaking this is true only when we complexify, since otherwise the spinor
representations are not generally tensor products.
Therefore a (complex) Killing spinor in R1,n × X can be written as a linear
combination
ε =
∑
i
αi ⊗ ηi
where each of the αi are parallel in R
1,n and the ηi are parallel in X ; and where we
can assume, without loss of generality, that the ηi are linearly independent. The
connection defining parallel transport in R1,n is the (flat) Levi–Civita` connection;
whence the αi are actually constant relative to a coordinate coframe made out of
flat coordinates.
Similarly, there is a frame for the Lie group in which the ηi are constant. This
can be seen as follows. For a Lie group with a bi-invariant metric there are two
canonical flat connections: corresponding to the (metric compatible) absolute par-
allelisms obtained by left and right multiplication. The corresponding connection
one-forms are the right- and left-invariant Maurer–Cartan one-forms, respectively.
Let us choose the left-invariant Maurer-Cartan form, for definiteness. Then the
corresponding parallel spinor equation is
dηi(g) +R(g
−1dg)ηi(g) = 0 ,
where R is the relevant spinorial representation of the Lie algebra and we are
letting g = g(xα) label the points in the group. With some abuse of notation we
can let R also stand for the spinorial representation of the Lie group and hence
R(g−1dg) = R(g)−1dR(g), whence the above equation can be rewritten as
R(g)−1d(R(g)ηi(g)) = 0 ,
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whose solution is manifestly given by ηi(g) = R(g)
−1ηi(e), with e the identity
element in the Lie group.
In summary, we have that
ε(x) = (1⊗R(g)−1)
∑
i
αi ⊗ ηi(e) = (1⊗R(g)
−1)ε0 ,
where ε0 is a constant spinor. In other words, there exists a frame and hence a
dual coframe, relative to which the Killing spinors are actually constant. Using a
constant Lorentz transformation Λ we can take this coframe to θ = (θ−, θ+, θi)
relative to which θ−ε0 = 0 and hence that the only possibly nonzero components
of F are
◦
F−i.
A priori, the Lorentz transformation Λ may not respect the decomposition R1,n×
X ; that is, it may not belong to the subgroup SO(1, n)× SO(9 − n) ⊂ SO(1, 9) of
the ten-dimensional Lorentz group; however we have seen above that θ− is a one-
form on R1,n, whence Λ can be chosen to belong to this subgroup. Since constant
Lorentz transformations preserve flat coordinates, we can choose θ− = dx−. In
other words, we have that θµ
− = 0 except for θ−− = 1. This means that the only
nonzero components of F are those of the form F−s and F−α. The Hessian equation
for the dilaton says the only nonzero element of the Hessian is ∇−∇−φ.
At this moment the rest of the analysis follows mutatis mutandis the case of
CW2n(λ)× S
3 × R7−2n discussed above.
6.2. Supersymmetry. We must distinguish between two separate classes of su-
persymmetric backgrounds with nontrivial gauge fields.
6.2.1. Backgrounds with |H |2 > 0. These are the backgrounds with an S3 factor:
R
1,3 × S3 × S3, R1,6 × S3, CW6(λ)× S
3 × R and CW4(λ)× S
3 × R3.
The gaugino variation says that
Fε = fIdx
I ∧ dx−ε = fidxI · dx−ε = 0 ,
which is equivalent, for nonzero F , to dx−ε = 0.
On a spinor ε annihilated by dx−, the dilatino variation says that
(QIdx
I + 1
2
HS)ε = 0 , (20)
whereHS is the three-form for the sphere(s). The same reasoning as in Section 5.2.3
allows us to conclude that solutions of (20) coincide with the kernel of the projector
Π = 1
2
1+ 1
4
HS ·Q
|Q|2
,
whereQ = QIdx
I has norm |Q|2 = 1
4
|HS |
2, which is therefore nonzero. In summary,
Killing spinors are in one-to-one correspondence with the subspace of the chiral
spinor representation of Spin(1, 9) consisting of spinors which are annihilated by
dx− and by the above projector Π. This is clearly a 4-dimensional subspace, whence
these backgrounds are 1
4
-BPS.
6.2.2. Backgrounds with |H |2 = 0. These are the backgrounds without S3 factors:
CW10(λ), CW8(λ)× R
2, CW6(λ)× R
4, CW4(λ)× R
6 and R1,9.
The gaugino variation says that
Fε = fidx
i ∧ dx−ε = 0 ,
which is equivalent, for nonzero F , to dx−ε = 0; and on such spinors, the dilatino
equation is automatically satisfied.
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In summary, Killing spinors are in one-to-one correspondence with the subspace
of the chiral spinor representation of Spin(1, 9) consisting of spinors which are an-
nihilated by dx−. This is clearly an 8-dimensional subspace, whence these back-
grounds are 1
2
-BPS.
Parallelisable Supersymmetries with dilaton being
geometry constant linear nonlinear
AdS3×S
3 × S3 × R 8 8 ×
AdS3×S
3 × R4 8 8 ×
R
1,1 × SU(3) × 8 ×
R
1,3 × S3 × S3 × 8 4
R
1,6 × S3 × 8 4
R
1,9 16 8 8
CW10(λ) 8, 10, 12, 14 8 8
CW8(λ)× R
2 8, 10 8 8
CW6(λ)× S
3 × R × 8 4
CW6(λ)× R
4 8, 12 8 8
CW4(λ)× S
3 × R3 × 8 4
CW4(λ)× R
6 8 8 8
Table 4. Supersymmetric parallelisable backgrounds
7. On the moduli space of parallelisable backgrounds
The backgrounds in Table 4 each come with moduli and taken in their totality
comprise the moduli space of simply-connected parallelisable backgrounds. This
moduli space is infinite-dimensional due to the arbitrary functions entering in the
expressions for the dilaton and the gauge fields, when nonzero. There are also
geometric moduli: the radii of curvature of the AdS3, S
3 and SU(3) factors, and the
eigenvalues λ appearing in the definition of CW2n(λ). Focussing on the geometric
moduli for simplicity, we remark that all the backgrounds are connected by the
following geometric limits:
• SU(3) R8 by taking the radius of curvature to infinity;
• S3  R3 by taking the radius of curvature to infinity;
• AdS3  R
1,2 by taking the radius of curvature to infinity;
• CW2n(λ1, . . . , λn−1) CW2n−2(λ1, . . . , λn−2)× R2 by taking λn−1 → 0;
• AdS3×S
3 × R4  CW6(λ)× R
4 by taking a plane wave limit [26, 27]; and
• AdS3×S
3 × S3 × R CW8(λ)× R
2 again by a plane wave limit.
Some of these plane wave limits have appeared in [28, 29]. As the above geometries
are parallelised Lie groups, these plane wave limits can also be understood as group
contractions [30, 31] in the sense of Ino¨nu¨ and Wigner [32].
Finally we should remark that we have classified the simply-connected back-
grounds. Equivalently we do not distinguish between backgrounds which are locally
isometric; for example, two backgrounds which are obtained as different discrete
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quotients of the same simply-connected background. More generally, in order to
classify all smooth backgrounds, one must quotient the simply-connected geome-
tries in Table 4 by all possible freely-acting discrete subgroups of symmetries which
preserve some supersymmetry and are free of singularities. This is a much more
delicate problem and we will only mention the fact that performing this quotient
corresponds, at the level of the conformal field theory, to an orbifold construction,
whence the string theory remains, in principle, exactly solvable.
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Appendix A. Clifford algebra conventions
Our Clifford algebra conventions mostly follow the book [33], but we will review
them here briefly.
Let Rt,s denote the real (t + s)-dimensional vector space with inner product
obtained from the norm
|x|2 = −(x1)2 − · · · − (xt)2 + (xt+1)2 + · · ·+ (xt+s)2 ,
for x = (x1, . . . , xs+t) ∈ Rt,s. By definition the real Clifford algebra Cℓ(t, s) is
generated by Rt,s (and the identity 1) subject to the Clifford relation
x · x = −|x|21 ,
where we ask the reader to pay close attention to the sign! Let ea ∈ R
t,s be the
elementary basis vectors relative to which x =
∑
xaea and let Γa denote their
image in Cℓ(t, s). Then the Clifford relations become
ΓaΓb + ΓbΓa = −2ηab1 ,
where ηab = 〈ea, eb〉 are the components of the inner product relative to this basis.
We are interested in ten-dimensional lorentzian signature: R1,9 with orthonormal
basis e0, e1, · · · , e9 with |e0|
2 = −1 and |ei|
2 = 1 for i = 1, . . . , 9. As a real
associative algebra, Cℓ(1, 9) is isomorphic to the algebra of 32 × 32 real matrices.
This is a simple algebra and hence has a unique irreducible representation S, which
is real and thirty-two dimensional, the so-called Majorana spinors. The chirality
operator Γ11 := Γ0Γ1 · · ·Γ9 squares to +1 and anticommutes with all Γa, whence
it commutes with the generators 1
2
Γab of so(1, 9). Therefore S breaks up into two
real sixteen-dimensional irreducible representations of the spin group Spin(1, 9):
S = S+ ⊕ S−, the so-called Majorana–Weyl spinors.
The Clifford algebra Cℓ(1, 9) is isomorphic as a real vector space (but not as an
algebra) to the exterior algebra ΛR1,9, whose elements are real linear combinations
of monomials of the form ea1 ∧ ea2 ∧ · · · ∧ eak . There is a natural isomorphism
ΛR1,9 → Cℓ(1, 9) given by sending
ea1 ∧ ea2 ∧ · · · ∧ eak 7→ Γa1a2···ak . (21)
This map also preserves the canonical Z2 gradings of Cℓ(1, 9) and of ΛR
1,9 =
ΛevenR1,9 ⊕ ΛoddR1,9. In this way, elements of ΛR1,9 can act on S: even elements
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preserving the chirality, whence mapping S± → S±, and odd elements reversing it,
whence mapping S± → S∓.
Now let (M, g) be a lorentzian ten-dimensional manifold. We can choose local
orthonormal frames for the tangent bundle TM and dual coframes for the cotangent
bundle T ∗M . Relative to such a coframe, each cotangent space is isomorphic to
R
1,9 as an inner product space and we can construct at each point a Clifford algebra
Cℓ(1, 9). As we let the point vary, these algebras patch up nicely to yield a bundle
Cℓ(T ∗M) of Clifford algebras which, as a vector bundle, is isomorphic to ΛT ∗M .
The isomorphism (21) also extends to give a map ΛT ∗M → Cℓ(T ∗M).
If in addition, (M, g) is spin, then there is a (not necessarily unique) vector
bundle S associated to the irreducible representation S of Cℓ(1, 9). Furthermore
this bundle breaks up into sub-bundles S = S+⊕S− corresponding to the irreducible
representations of the spin group. Sections of ΛT ∗M—that is, differential forms—
act naturally on sections of S via the isomorphism ΛT ∗M → Cℓ(T ∗M) and the
natural pointwise action of Cℓ(T ∗M) on S. This action extends to an action of
forms with values in a vector bundle V which maps sections of S to sections of
S ⊗ V . In our case, V will be the adjoint bundle of the gauge bundle. This now
explains what we mean by the action of forms on spinors, as in equation (7).
Several times during the calculations in this paper we have come across Clifford
squares; that is, the repeated action of a differential form on a spinor. For α a
1-form, we obtain simply
α2 = −|α|21 ;
whereas for ω a 2-form, we find
ω2 = ω ∧ ω − |ω|21 .
For H a 3-form we find
H2 = − 1
4
HabmH
m
cdΓ
abcd + |H |21 ,
which, if H satisfies the Jacobi identity, simplifies to
H2 = |H |21 .
Finally, if Θ is a 4-form,
Θ2 = Θ ∧Θ− 1
8
ΘabmnΘ
mn
cdΓ
abcd + |Θ|21 .
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